Amplified dispersive Fourier transformation (ADFT) is a powerful tool for fast real-time spectroscopy as it overcomes the limitations of traditional optical spectrometers. ADFT maps the spectrum of an optical pulse into a temporal waveform using group-velocity dispersion and simultaneously amplifies it in the optical domain. It greatly simplifies spectroscopy by replacing the diffraction grating and detector array in the conventional spectrometer with a dispersive fiber and single-pixel photodetector, enabling ultrafast real-time spectroscopic measurements. Following our earlier work on the theory of ADFT, here we study the effect of noise on ADFT. We derive the noise figure of ADFT and discuss its dependence on various parameters.
I. INTRODUCTION
Amplified dispersive Fourier transformation (ADFT), also known as time-stretch amplified Fourier transformation [1] [2] [3] [4] [5] [6] , is a powerful technique for fast real-time spectroscopic measurements. ADFT has been used in various applications such as time-stretch analog-to-digital conversion [7] , absorption [6] and Raman [3] spectroscopy, and optical frequencydomain reflectometry [4] . Most recently, it has been used to demonstrate an imaging method with a very high frame rate and shutter speed, known as serial time-encoded amplified imaging or microscopy (STEAM) [1, 5, 8] .
ADFT enables fast real-time spectroscopic measurements as it overcomes the limitations of traditional optical spectrometers. ADFT is based on the exploitation of the analogy between paraxial diffraction and temporal dispersion. The novelty of ADFT is its ability to circumvent the loss inherent in a dispersive medium using internal optical amplification. The amplification is realized using stimulated Raman scattering (SRS) within the dispersive medium. This leads to the lowestpossible noise penalty because, similar to the loss in the dispersive medium, the SRS gain is also distributed in nature [9, 10] .
The principle of ADFT is the mapping of the spectrum of an optical pulse into a time-domain waveform using groupvelocity dispersion (GVD) and the simultaneous amplification of the waveform in the optical domain. It replaces the spatial disperser (e.g., the diffraction grating or prism) and detector array (e.g., the charge-coupled device, CCD) in conventional spectrometers with a dispersive device (e.g., a dispersive fiber or chirped fiber Bragg grating) and single-pixel photodetector. This greatly simplifies the system and, more importantly, it enables ultrafast real-time spectroscopic measurements at the scan rate equivalent to the pulse repetition rate of the laser.
In ADFT, the optical spectrum is measured in the time domain. By measuring the temporal waveform with a singlepixel photodetector, a real-time analog-to-digital converter or digital oscilloscope effectively samples the optical spectrum at ultrahigh scan rates, significantly beyond what is possible with conventional grating-based spectrometers. With distributed optical amplification in the dispersive medium (e.g., the dispersive fiber), ADFT overcomes the fundamental trade-off between loss and dispersion, hence circumventing the loss of sensitivity at high speeds caused by the reduced number of photons that are collected during short integration times-a predicament that affects all conventional spectrometers and imaging systems.
Distributed Raman amplification via SRS provides several advantages over discrete optical amplifiers such as rare-earthdoped fiber amplifiers and semiconductor optical amplifiers (SOA's). First, distributed Raman amplification within the dispersive medium is superior because it maintains a relatively constant signal level throughout the ADFT process. This important property maximizes the signal-to-noise-and-distortion ratio by keeping the signal power away from low-power (noisy) and high-power (nonlinear) regimes. Second, gain is possible at any wavelength as long as a pump field is available at a frequency blue-shifted from the signal by the optical-phonon vibrational frequency [11] . Third, a broad and flexible gain spectrum can be generated by the use of multiple pump fields which may be continuous-wave lasers [1, 6] or incoherent light sources [3] . Finally, distributed Raman amplification has a lower noise figure than rare-earth-doped fiber amplifiers and SOA's. These advantages of Raman amplification over the use of the discrete amplifiers are known in long-haul fiber-optic communication links [11] . Raman-amplified dispersive elements also eliminate the need for high-power optical sources, which can potentially cause damage to the sample under study [1] .
The desirable features for the dispersive medium in ADFT are high total dispersion, low loss, large optical bandwidth, and constant dispersion over the bandwidth of interest. At fiber-optic communication wavelengths, the dispersion compensation fiber (DCF) offers an optimum combination of these parameters and has been used in many applications [1, [3] [4] [5] [6] [12] [13] [14] [15] [16] [17] . There are also fibers for shorter wavelengths (e.g., 800 nm) that provide adequate dispersion although with much higher loss-to-dispersion ratio than the DCF.
Our earlier work on ADFT explained and quantified the spectral resolution of this technique as set by the stationary phase approximation and nonlinear dispersion [2] . In all applications of ADFT, the noise sets the limit on the sensitivity and hence the minimum signal level that can be detected. In this paper, we study the effect of noise on ADFT using quantum noise operators and Langevin noise sources [18] [19] [20] . We first derive the noise figure of ADFT and then discuss its dependence on various parameters such as the loss and Raman gain coefficients and the pump noise. As numerous applications of ADFT such as spectroscopy [3, 6] and imaging [1, 4, 5] are being recognized, the noise figure of ADFT is expected to be valuable in design of a new class of spectrometers and imagers.
II. EVOLUTION OF NOISE IN AMPLIFIED DISPERSIVE FOURIER TRANSFORMATION
In this section, we start with the generalized nonlinear Schrödinger equation with linear and nonlinear GVD coefficients and multiple pump fields (derived in Ref. [2] ). Using the quantum Langevin formalism, we then solve the equation analytically under a few basic assumptions to obtain the ADFT noise transfer function. More specifically, we study the effect of pump noise associated with each different pump field and vacuum noise that enters the ADFT system when optical losses occur. We also derive the noise figure of the ADFT system.
The process of ADFT under consideration is schematically shown in Fig. 1 . The input Stokes field enters a dispersive fiber characterized by its GVD coefficients at the center frequency of the Stokes field. In the dispersive fiber, the spectrum of each pulse is mapped into a time-domain waveform due to the GVD of the fiber and simultaneously amplified by the phenomenon of SRS in the fiber pumped by one or more powerful optical fields. The output Stokes field is detected and digitized by a single-pixel photodetector and analog-to-digital converter.
To model the effect of noise on ADFT, we start with Eq. (5) in Ref. [2] . For simplicity, we make a few reasonable assumptions. First, we assume long pulse widths on the order of 1 ps (not transform-limited) for both the Stokes and pump fields (see Refs. [21, 22] for shorter pulses) so that the slowly varying envelope approximation is valid for the fields and the field amplitudes can be approximated to be constants compared with the time scale under which the Raman response function is varying. Second, we assume that the pump fields are much more powerful than the Stokes field and are undepleted over the total propagation distance so that they can be regarded as constants (see Ref. [23] for the undepleted case (z) are the normalized amplitude of the input and output Stokes fields, respectively, z is the propagation distance (equivalent to the GVD length), β m are the GVD coefficients at the Stokes frequency, and u p j is the normalized amplitude of the j th pump field. As a consequence of GVD leading to stretching of the pulse envelope in time, the spectrum of each pulse is mapped into a time-domain stretched waveform that is simultaneously amplified by SRS in the presence of one or more powerful pump fields.
between different pump fields such as cross-phase modulation (XPM), four-wave mixing (FWM), modulation instability (MI), and XPM-induced MI are assumed to be negligible (see Appendix A for the reason).
Under these assumptions, the evolution of the normalized Stokes field amplitude or the Stokes annihilation operator u s in an ADFT system pumped by multiple pump fields is given by
where z is the propagation distance (equivalent to the GVD length), β m are the GVD coefficients for the Stokes field, α s is the loss coefficient for the Stokes field, u p j is the normalized field amplitude of the j th pump field,
is the contribution to the phase shift induced by nonlinear interactions in the dispersive fiber including self-phase modulation, cross-phase modulation, and SRS,
is the Raman gain coefficient induced by the j th pump field in the process of SRS, δµ p j is the Langevin noise operator for the j th pump field, and δν s is the Langevin noise operator for the vacuum field that couples in as the optical loss associated with α s occurs. Here f R is the fraction of the nonlinearity due to molecular vibrations given in Ref. [2] , h R is the normalized Raman response function, γ s is the nonlinear parameter for the Stokes field, ω p j is the carrier frequency of the j th pump field, andh R (ω p j ) is given bỹ
based on the definition of Fourier transformation
where ω s is the center frequency of the Stokes field. The field operator u s and Langevin noise operators (δµ p j and δν s ) satisfy the commutation relations [18, 24] ,
[δν s (z),δν †
and all others vanish. The first term on the left-hand side in Eq. (1) 
which indicates that the integrand is equal to zero. Thus,ũ s (z,ω − ω s ) is found to bẽ
Substituting this into Eq. (5) yields the transfer function of the ADFT system with the noise couplings. Since the most common method of generating the analytic form of variances is to expand the operators about their steady-state values and then linearize the resulting expressions to first order in the fluctuation terms, we linearize the normalized field amplitude of the Stokes field such that
wherē
is the signal component (normalized field amplitude) of the output Stokes field that describes the transformation of the input Stokes spectrum into an amplified temporal waveform, and
is the noise component (normalized field amplitude) of the output Stokes field which is the sum of the pump and vacuum noises transformed into the time domain.
Here δu s (z,t) = 0 as δμ p j (z,ω − ω s ) = 0 and δν s (z,ω − ω s ) = 0. As shown in Ref. [2] , for large GVD, the absolute value of Eq. (13) is transformed by the process of ADFT into
where
is the spectral width or resolution of the ADFT, and s can be obtained from
In the limiting case that the GVD coefficients are considered only up to the second order, Eq. (15) becomes
where the spectral resolution is given by
and the relation between T and s is given by
III. NOISE FIGURE OF AMPLIFIED DISPERSIVE FOURIER TRANSFORMATION
Based on our findings in Sec. II, in this section, we derive the noise figure of ADFT. Noise figure is a measure of degradation of the signal-to-noise ratio (SNR) caused by linear electrical and optical systems such as optical amplifiers in fiber-optic communications. Here we adopt the definition of noise figure in Ref. [18] .
From Eq. (14), we find the frequency-domain noise operators for the j th pump and vacuum fields at the output of the ADFT system,
respectively. From these equations, we find the variances of the j th pump noise and vacuum noise to be
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respectively. Since δμ †
Equations (23) and (24) become
Equations (27) and (28) are the SRS-induced normalized amplified spontaneous emission (ASE) variance and lossinduced normalized noise variance in the frequency domain, respectively. It is reasonable to assume that |δμ p j (z ,ω − ω s )| 2 and |δν s (z ,ω − ω s )| 2 do not have any dependence on z such that they can be factored out of the integrals. Then, Eqs. (27) and (28) can be evaluated as
As either g p j → 0 or |u p j | → 0, |δŨ p j | 2 → 0 as expected. Likewise, As α s → 0, |δṼ s | 2 → 0 as well. Equation (29), which indicates the bandwidth-normalized ASE noise, agrees with the ASE noise computed classically in Appendix B.
Since a noise figure is a measure of degradation of the SNR caused by linear systems, to find the noise figure of the ADFT system, it is necessary to obtain the spectra of the output Stokes signal and noise as well as the spectra of the input Stokes signal and noise. The spectrum of the input Stokes signal is given by
where ω s is the detection bandwidth, while the spectrum of the input Stokes noise is given by
Meanwhile, the spectrum of the output Stokes signal measured in the time domain using ADFT is found from Eq. (13) to be
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where the upper and lower bounds of the integral have been obtained from Eq. (17) . Equation (33) can be rewritten as
has been used. Finally, the spectrum of the output Stokes noise is given by
where |δŨ p j (ω − ω s )| 2 and |δṼ s (ω − ω s )| 2 can be obtained from Eqs. (29) and (30).
Based on the spectra of the input and output Stokes signal and noise in Eqs. (31), (32), (34), and (36), the noise figure F of the ADFT system is given by the ratio of the input SNR to the output SNR,
According to the definition of noise figure [18] , the input Stokes noise is defined to be shot noise such that |δũ s | 2 = 1. The vacuum noise is also given by |δν s | 2 = 1. In addition, assuming the pump noise is frequency independent or white for all the pump fields, Eq. (37) becomes
Here the factor of π/2 arises due to our definition of the spectral resolution s , and hence there is an ambiguity in the overall scale factor, depending on the definition of the spectral resolution. If we assume that this factor is absorbed into the spectral resolution, then Eq. (38) agrees with the classical limit of the noise figure in optical amplifiers [10, 18, 25] . As the pump intensity further increases, the noise figure approaches the famous 3 dB limit. Furthermore, as g p j → 0 or |u p j | → 0, then F → e α s z as expected. For large g p j or |u p j | so that
It is obvious that as the pump noise is large, the noise figure also becomes large. Moreover, if all the pump fields are 033827-6 shot-noise limited such that |δμ
IV. RESULTS
Based on our findings in Secs. II and III, in this section we discuss various cases of the noise figure. First, we study the noise figure for various Stokes loss coefficients. Second, we investigate the noise figure for various Raman gain coefficients. Finally, we discuss the effect of the pump noise on the noise figure for various pump noise levels. In all the figures shown here, we do not consider the effect of higher-order SRS (in which the amplified Stokes field becomes a pump for the second-order Stokes field, and so forth) for simplicity. Figure 2 shows the noise figure and net gain in ADFT when the dispersive medium (fiber) is pumped by two pump fields for various Stokes loss coefficients (0.2, 0.8, 1.4, and 2.0 dB/km). The two pump fields are assumed to have the same intensity and noise figure (shot-noise limited). It is obvious that low-loss fibers are desirable for small noise figures. As the pump intensity increases, the noise figure converges to 3 dB, but has different traces, depending on the value of the loss coefficient. In the case of the DCF, which is designed for high dispersion-to-loss ratio, the loss coefficient in the C band is about 0.1 dB/km. With this DCF, the noise figure does not significantly exceed 3 dB at any pump intensity (or at any net gain). On the other hand, in the case of a dispersive fiber at shorter wavelengths (e.g., 800 nm), the loss coefficient is about 3 dB/km, which leads to large noise figures at low net gains. Figure 3 shows the noise figure and net gain in ADFT when the dispersive medium (fiber) is pumped by two pump fields for various Raman gain coefficients (0.2 × 10 −13 , 0.5 × 10 −13 , 0.8 × 10 −13 m/W, and 1.1 × 10 −13 ). The two pump fields are assumed to have the same intensity and noise figure (shotnoise limited). At larger Raman gain coefficients, the noise figure converges to 3 dB more quickly as the pump intensity increases. The Raman gain coefficients of various fiber types [26] are found in Table I . Fibers with smaller effective mode areas and higher germanium concentrations have higher Raman gain efficiency [27] . In our previous demonstration of Raman gain at 800 nm, the Raman gain coefficient was found to be 0.54 × 10 −13 m/W, which is about 1.6 times larger than the average Raman gain coefficient at 1550 nm.
033827-7 TABLE I. Raman gain efficiencies and coefficients of various fiber types [26] . λ p is the pump wavelength equal to 2πc/ω p , where c is the speed of light in a vacuum. A eff is the effective Raman area and g p is the Raman gain coefficient. AllWave: AllWave's zero water peak fiber; Corning NZ-DSF: Corning's nonzero dispersion-shifted fiber; Corning LEAF: Corning's LEAF fiber; NDSF: conventional nondispersion-shifted fiber; TrueWave RS: TrueWave's RS low water peak fiber; Corning DSF: Corning's dispersion-shifted fiber. Fibers with smaller effective mode areas and higher germanium concentrations have higher Raman gain efficiency [27] . Figure 4 shows the noise figure of ADFT for various pump noise levels (a noise figure of 0, 2, 4, and 6 dB with respect to shot noise). The two pump fields are assumed to have the same intensity. As expected, the noise figure of the Stokes field increases with that of the Raman pump field. It is important to note that the distributed Raman amplification not only compensates for the loss in the dispersive fiber (a total of 5.6 dB in this case), but it also provides a large net gain because the gain is much larger than the fiber loss.
V. SUMMARY
In summary, we have studies the effect of noise on ADFT in this paper. We have derived the noise figure and discussed the dependence of the noise figure on the Stokes loss coefficient, Raman gain coefficient, and pump noise level. As more applications of ADFT such as spectroscopy [3, 6] and imaging [1, 4, 5] are being identified, the noise analysis presented here not only establishes the fundamental physical limits of the powerful technique, but is also expected to be a valuable tool in design and optimization of such instruments.
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APPENDIX A: OTHER POTENTIAL NOISE SOURCES
In this Appendix, we discuss other potential noise sources such as MI and nonlinear interactions between different pump fields including XPM, FWM, and XPM-induced MI. These nonlinear interactions are not significant in ADFT for the following reasons.
First, in most cases of Raman amplification, continuouswave (cw) or quasi-cw pumping configurations are used to avoid the pulse walk-off between the Stokes and pump fields. In this case, the peak power of quasi-cw pump fields or the average power of cw pump fields is not high enough to cause XPM as well as self-phase modulation (SPM). To see this, consider the intensity-dependent refractive index of the fiberñ = n + n I 2 I , where n is the refractive index of the fiber in the absence of light (n = 1.48), n I 2 is the nonlinear-index coefficient, and I is given by the sum of two pump intensities (I = I 1 + 2I 2 ). Here I 1 and I 2 correspond to SPM and XPM, respectively. In typical fibers, n I 2 = 2.6 × 10 −20 m 2 /W. In Figs. 2, 3 , and 4, we only consider the pump intensity of up to 10 MW/cm 2 = 10 11 W/m 2 , which is significantly small and hence, does not cause XPM as well as SPM.
On the other hand, FWM can potentially change the intensity of the pump fields and hence directly couple into the noise figure in Eq. (38). However, FWM is considerably suppressed in the dispersive fiber as it requires phase matching. More specifically, to satisfy the phase-matching condition in degenerate FWM (which is often the case), both the propagation constant and the frequency (wavelength) difference between the pump and signal or idler need to be small (<1 ps 2 /km and <0.8 nm at 1550 nm center wavelength), respectively. For comparison, commercially available DCF's have a dispersion of more than −10 ps/(nm km) and the wavelength difference is about 10 nm which corresponds to the gain bandwidth of Raman amplification to flatten the total gain spectrum over the band of interest. Therefore, this large phase mismatch ensures the suppression of FWM in the dispersive fiber.
Finally, regarding XPM-induced MI, as discussed previously, in most cases of ADFT, DCF's are used due to their high dispersion-to-loss ratio and Raman gain. Since the DCF's have normal dispersion as opposed to standard single-mode fibers with anomalous dispersion which are vulunerable to MI, MI is significantly suppressed in ADFT and does not contribute to the noise figure of the Stokes field.
APPENDIX B: CLASSICAL DERIVATION OF AMPLIFIED SPONTANEOUS EMISSION NOISE IN RAMAN AMPLIFIERS
In this Appendix, our goal is to derive the ASE noise in Raman amplifiers classically and compare it with Eq. (29) . We start with the classical coupled differential equations for the Stokes and pump fields that describe SRS in a single polarization [28, 29] 
